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A NOTE ON SEMICENTRAL IDEMPOTENTS
CHRISTIAN LOMP AND JERZY MATCZUK
Abstract. In this note we answer the question raised by Han et al. in [3] whether an
idempotent isomorphic to a semicentral idempotent is itself semicentral. We show that
rings with this property are precisely the Dedekind-finite rings. An application to module
theory is given.
1. Introduction
Let R be a unital associative ring with unit. Any idempotent e ∈ R leads to a repre-
sentation of R as a generalized matrix ring. An idempotent e is called left (respectively
right) semicentral if (1−e)Re = 0 (respectively eR(1−e) = 0). Hence right (respectively
left) semicentral idempotents lead to a representation of R as an upper (lower) generalized
triangular matrix ring (see also [1]). Clearly an idempotent is central if and only if it is
left and right semicentral.
The purpose of this note is to answer [3, Question 1] which asks whether any idempo-
tent isomorphic to a semicentral idempotent is itself semicentral. We will show that this
property characterises Dedekind-finite rings.
2. Isomorphic semicentral idempotents
Two idempotents e and f are said to be isomorphic if eR ≃ fR as right R-modules.
It is not difficult to see (but the reader may also consult [5, 21.20]) that two idempotents
e and f are isomorphic if and only if there are elements a, b ∈ R such that e = ab and
f = ba.
Remark 1. Suppose that any idempotent that is isomorphic to a left semicentral idempo-
tent of a ring R is itself left semicentral. Then R is Dedekind-finite.
Proof. If ab = 1 for some a, b ∈ R, then e = ba is an idempotent that is isomorphic to
the central idempotent 1. By hypothesis e is left semicentral. Thus 1 = abab = (ae)b =
(eae)b = e(abab) = e. 
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Note that a similar proof for Remark 1 shows that R is Dedekind-finite, provided any
idempotent isomorphic to a right semicentral idempotent is itself right semicentral.
The following remark is well-known and can be found for example in [5, 4.8] and [2, 2.4],
but we include a short proof for sake of completeness:
Remark 2. Let R be a Dedekind-finite ring with Jacobson radical J , then R/J is Dedekind-
finite and eRe is Dedekind-finite, for any non-zero idempotent e ∈ R.
Proof. Suppose ab = 1 in R = R/J and a, b ∈ R. Then 1 − ab ∈ J implies that ab is
invertible in R. Thus there exists u ∈ U(R) such that abu = 1. As R is Dedekind-finite,
also 1 = bua holds. Hence 1 = bua implies b = buab = bu, i.e. ba = 1.
Now suppose S = eRe and f = 1 − e for some idempotent e ∈ R. If a, b ∈ S with
ab = 1S = e, then (a + f)(b + f) = ab + f = e + f = 1. Since R is Dedekind-finite,
1 = (b+ f)(a+ f) = ba + f and 1S = e = ba follows. 
Remark 3. Suppose that e and f are isomorphic idempotents such that e = ab and f = ba,
for a, b ∈ R. Since f = fba, we also have (fb)(ea) = fbaba = f 3 = f . Similarly e = eab
shows (ea)(fb) = eabab = e3 = e. Therefore we may replace a by ea and b by fb and
assume that a ∈ eR and b ∈ fR.
Remark 4. Any left or right semicentral idempotent in a semiprime ring is central.
Proof. If e is a left semicentral idempotent in a semiprime ring R, then (1− e)Re = 0 and
ReR(1− e)R is a nilpotent ideal. Hence eR(1− e) = 0 and e is central. 
Proposition 5. Any idempotent isomorphic to a left or right semicentral idempotent in a
Dedekind-finite ring is already conjugated to it.
Proof. Let e be a left semicentral idempotent in a Dedekind-finite ring R and let f be an
idempotent that is isomorphic to e. By Remark 2, R = R/J is Dedekind-finite and by
Remark 4 e is central. Set S := eR. Since e and f are isomorphic in R, also e and f are
isomorphic in R. By Remark 3, there exist a ∈ S and b ∈ fR such that e = ab and f = ba.
Then using that e is central we have f = f
2
= bea = ef ∈ S and therefore also b ∈ S. As
1S = e = ab and S = eR is Dedekind-finite by Remark 2, we have f = ba = 1S = e. Thus
there exist x ∈ J such that f = e+x. By [4, Proposition 9], ue = fu for u = 1+x(2e− 1)
holds. Since x ∈ J , u is invertible and hence f = ueu−1. 
Theorem 6. The following statements are equivalent for a ring R:
(a) Any idempotent that is isomorphic to a left semicentral idempotent is itself left
semicentral.
(a’) Any idempotent that is isomorphic to a right semicentral idempotent is itself right
semicentral.
(b) Any idempotent that is isomorphic to a left or right semicentral idempotent is con-
jugated to it.
(c) R is Dedekind-finite.
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Proof. Remark 1 proves (a) ⇒ (c) and Proposition 5 shows (c) ⇒ (b). The implication
(b) ⇒ (a) is clear, because if α : R → R is any ring isomorphism, then (1 − e)Re = 0
implies (1− α(e))Rα(e) = 0, for any e ∈ R.

Let M be a non-zero right R-module with endomorphism ring S. It is well-known,
that any idempotent e of S corresponds to a direct summand Im(e) of M and that this
correspondence is bijective. In particular, isomorphic direct summands of M correspond
to isomorphic idempotents in S. From [6, 21.16] it is known, that two idempotents e and f
are conjugate in S if and only if e and f as well as 1−e and 1−f are isomorphic. If e is an
idempotent corresponding to a direct summand D of M = D⊕D′, then 1− e corresponds
to D′ ≃ M/D. Hence two idempotents e and f in S are conjugate in S if and only if for
their corresponding direct summands D1 and D2, D1 ≃ D2 and M/D1 ≃ M/D2 holds.
Moreover, it is easy to see that an idempotent e ∈ S, with corresponding direct summand
D = Im(e), is left semicentral if and only if Hom(D,M/D) = 0.
Using the above we obtain the following module theoretic version of Theorem 6:
Corollary 7. The following statements are equivalent for a right R-module M .
(a) For any isomorphic direct summands D1 and D2 of M , if Hom(D1,M/D1) = 0,
then Hom(D2,M/D2) = 0
(a’) For any isomorphic direct summands D1 and D2 of M , if Hom(M/D1, D1) = 0,
then Hom(M/D2, D2) = 0
(b) For any isomorphic direct summands D1 and D2 of M , if Hom(D1,M/D1) = 0 or
Hom(M/D1, D1) = 0, then M/D1 ≃M/D2.
(c) End(M) is Dedekind-finite.
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